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Motivated by recent measurements of the radiative decay rates of the P-wave spin singlet char-
monium hc to the light meson η or η
′ by the BESIII Collaboration, we investigate the decay rates of
these channels at order αα4s. The photon is radiated mainly from charm quark pairs in the lowest or-
der Feynman diagrams, since the diagrams where a photon radiated from light quarks are suppressed
by αs or the relative charm quark velocity v, due to Charge parity conservation. The form factors of
two gluons to η or η′ are employed, which are the major mechanism for η and η′ productions. η(η′)
is treated as a light cone object when we consider that the parent charmonium mass is much heavier
than that of the final light meson. We obtain the branching ratio B(hc → γη′) = (1.94+0.70−0.51)× 10−3
in the nonrelativistic QCD approach, which is in agreement with the BESIII measurement. The
prediction of the branching ratio of hc → γη is also within the range of experimental error after
including the larger uncertainty of the total decay width Γhc . The applications of these formulae to
the radiative decays to η(η′) of the P-wave spin singlet bottomonium hb(nP ) are presented. These
studies will shed some light on the η − η′ mixing effects, the flavor SU(3) symmetry breaking, as
well as the nonperturbative dynamics of charmonium and bottomonium.
PACS numbers: 13.25.Gv, 14.40.Pq, 12.38.Bx
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I. INTRODUCTION
Heavy quarkonium spectra have been systematically
established over the past forty years. Over fifty mesons
with the masses from 2.9 GeV to 4.6 GeV, or from
9.3 GeV to 11.1 GeV, can be organized into charmonia
and bottomonia, respectively [1]. The spin-parity quan-
tum numbers JPC of these bound states or resonances
can be understood through spin-orbital interactions and
radial excitations of a heavy quark-antiquark pair. Their
masses can also be calculated in the framework of QCD
potential model of a heavy quark-antiquark pair [2, 3].
Along with the improvements of detecting precision
and the accumulations of experimental data, many new
charmonium-like and bottomonium-like exotic states are
discovered and some rare decay modes of conventional
heavy quarkonia are observed [4]. The critical issues
on theoretical side are to determine the possible struc-
tures of the newly observed exotic states and precisely
calculate the decay rates for these heavy quarkonia and
quarkonium-like states.
There are fewer studies on the rare decay modes of
P -wave spin singlet charmonium hc(n
1P1) and bottomo-
nium hb(n
1P1). The rare decay modes where both the
heavy quark and antiquark are annihilated will pro-
vide more direct information on nonrelativistic QCD
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(NRQCD) nonperturbative Long Distance Matrix Ele-
ments (LDMEs) of heavy quarkonia. Recently, based
on a data sample of 4.5 × 108 ψ′ events, the decay
branching fractions of hc → γη and hc → γη′ are mea-
sured respectively to be (4.7 ± 1.5 ± 1.4) × 10−4 and
(1.52 ± 0.27 ± 0.29) × 10−3 by the BESIII Collabora-
tion [5], where hc is produced in the decay ψ
′ → pi0hc.
The decay mode hc → γη(η′) is interesting, since it
is useful not only to extract the LDMEs of the P-wave
spin singlet charmonium but also to investigate the η(η′)
production mechanism and the η−η′ mixing effects. Ac-
cording to flavor SU(3) symmetry, light mesons should
be organized into two representations: singlet and octet.
However, the flavor SU(3) symmetry is a little broken,
since the up (u), down (d), and strange (s) quarks have
different masses. Thus η and η′ may be viewed as the
mixing states between flavor singlet and octet. More pre-
cisely, when considering the potential gluonium content,
η can be treated as the mixing state between |qq¯〉 and
|ss¯〉, while η′ as the mixing state among |qq¯〉, |ss¯〉, and
|gg〉 [6, 7].
Considering the mass squared of emitted η(η′) is less
than that of the parent heavy quarkonium, i.e. m2η(′) <<
m2hc,b , a large momentum is transferred. η(η
′) can be
treated as a light cone object in the rest frame of parent
heavy quarkonium. Using the light cone approach, the
form factors of two hard gluons transition to η(η′) can
be employed.
In the paper, we shall establish the light-cone factor-
ization for η(η′) production in the radiative hc decay, and
give the related phenomenological results. The factoriza-
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2tion formulae can be applied to more channels: hc(nP )→
γη(η′), hb(nP ) → γη(η′), and even hb(nP ) → γηc when
letting mc << mb.
This paper is organized as follows. In Sec. II, we
present how to calculate the amplitudes. We briefly in-
troduce the NRQCD long-distance matrix elements and
covariant projection method. Two gluons transition to
η(′) form factors are also given. The related phenomeno-
logical analyses are presented in Sec. III, where we shall
give the numerical results for the branching ratios of
hc → γη(η′), hb(nP ) → γη(η′), and hb(nP ) → γηc. In
the end section we summarize the work and give a con-
clusion.
II. FACTORIZATION FORMULAE
A. NRQCD LDMEs and covariant projection
method
The production and annihilation decays of heavy
quarkonium have been systematically investigated more
than twenty years, since a rigorous NRQCD theory was
established by Bodwin, Braaten, and Lepage [8]. Though
the factorization of hadroproduction of heavy quarko-
nium has not proved up to date, the inclusive annihilation
decays and many exclusive decays can be factorized into
all orders of Strong coupling constant αs [9, 10]. The
inclusive annihilation decay width of heavy quarkonium
H can be factorized as [8]
Γ(H) =
∑
n
2Imfn(µΛ)
mdn−4Q
〈H|On(µΛ)|H〉 , (1)
where 〈H|On(µΛ)|H〉 are NRQCD LDMEs, which in-
volve nonperturbative physics and are scaled by the rel-
ative velocity v between the heavy quark and antiquark
with the mass mQ in the heavy quarkonium H. The
short-distance coefficient Imfn(µΛ) can be calculated or-
der by order in perturbative theory. The factor of mdn−4Q
has been introduced so as to make the coefficient fn di-
mensionless.
P -wave spin singlet charmonium hc exclusively decays
to photon and η(η′) shall be factorized. In the follow-
ing, one can easily see there are no extra IR divergences
at order αα4s. First, let us introduce the corresponding
NRQCD LDMEs. The related first two NRQCD opera-
tors which contributes to the above processes are
O(1P [1]1 ) = ψ†(−
i
2
←→
D )χ · χ†(− i
2
←→
D )ψ, (2)
O(1S[8]0 ) = ψ†T aχχ†T aψ, (3)
where ψ is the Pauli spinor field that annihilates a heavy
quark while χ is the Pauli spinor field that crates a heavy
antiquark.
The matrix elements of the corresponding operators
sandwiched by heavy quarkonium are usually denoted as
〈O(2S+1L[1,8]J )〉H ≡ 〈H|O(2S+1L[1,8]J )|H〉. (4)
The covariant projection method is useful to calculate
the perturbative short-distance coefficients [11–13]. The
Dirac spinors for the heavy quark with momentum p1 and
antiquark with momentum p2 have the explicit forms
uQ(p1, λ) =
√
E1 +mQ
2E1
(
ξλ
~σ·−→p1
E1+mQ
ξλ
)
, (5)
vQ(p2, λ) =
√
E2 +mQ
2E2
(
~σ·−→p2
E2+mQ
ξλ
ξλ
)
, (6)
where E1 and E2 are the energy of heavy quark and an-
tiquark, respectively, which satisfy E1 = E2 ≡ E. q is
introduced as half relative momentum between the heavy
quark and antiquark with pH ·q = 0, where pH = p1 +p2.
We have E =
√
m2Q − q2 in the heavy quarkonium rest
frame. ξλ is the corresponding two-component Pauli
spinor and λ is the polarization quantum number. One
can easily get the covariant expression for the spin-singlet
and spin-triplet combinations of spinor bilinearities. The
projection operators can be written as
ΠS(q) =
∑
λ1,λ2
uQ(p1, λ1)v¯Q(p2, λ2)〈1
2
λ1
1
2
λ2|SSz〉
= − 1
4
√
2E(E +mQ)
(
1
2
p/H − q/+mQ)p/H + 2E
2E
×ΓS(1
2
p/H + q/−mQ) , (7)
where ΓS=1 = ε/(pH) = γ
µεµ(pH) for the spin-triplet
combination with the polarization vector εµ(pH), while
ΓS=0 = γ
5 for the spin-singlet. The spin-triplet pro-
jection Π1(q) and the spin-singlet projection Π0(q) are
defined accordingly. Considering the color factor, one
should add an extra factor 1c/
√
Nc where 1c is the unit
matrix in the fundamental representation of the color
SU(3) group.
To get the amplitudes for orbitally excited quarkonium
involvements, one should do Taylor expansion for the am-
plitudes in powers of half relative momentum qµ
A(q) = A(0) + ∂A(q)
∂qµ
|q=0 qµ
+
1
2!
∂2A(q)
∂qµ∂qν
|q=0 qµqν + . . . . (8)
B. η − η′ mixing and two gluons transition form
factors
Because of the flavor SU(3) symmetry breaking, the
η and η′ mesons can not be well described by assigning
them alone to flavor octet and singlet. According to pre-
vious studies, there are two equally schemes to describe
the η − η′ mixing: the flavor octet and singlet bases,
3and the quark-flavor bases [14–16]. In the quark-flavor
scheme, η and η′ can be treated as the mixing states
between |qq¯〉 and |ss¯〉. But this is still not enough to
explain η′, which is a really complicated and interesting
meson. According to the current view, η′ may have gluo-
nium content, and should be treated as the mixing state
among |qq¯〉, |ss¯〉, and |gg〉 [6, 7, 15, 17–19].
Defining the basis vectors ηq = qq¯ = (uu¯ + dd¯)/
√
2,
ηs = ss¯, the gluonium component ηg = gg, we have
|η〉 = cosφ |ηq〉 − sinφ |ηs〉, (9)
|η′〉 = cosφG(sinφ |ηq〉+ cosφ |ηs〉) + sinφG |ηg〉,
(10)
where φ is the mixing angle between |qq¯〉 and |ss¯〉, while
φG is introduced to include the gluonium content of η
′.
Next we turn to the light cone distribution amplitudes
for those components. The light cone distribution ampli-
tudes of ηq and ηs components in η can be expanded in
Gegenbauer Polynomial
Φ(q,s)η (x, µ) = 6xx¯(1 +
∞∑
n=1
a2n(µ) C
3/2
2n (x− x¯)) , (11)
where x and x¯ = 1−x are the momentum fractions of the
light quark and antiquark inside ηq,s, respectively. Bn(µ)
can be evaluated through scale evolution at leading-order
logarithmic accuracy
an(µ) =
(
αs(µ)
αs(µ0)
) γn
β0
an(µ0) , (12)
where β0 = 11CA/3− 2nf/3 with flavor number nf and
γn reads as
γn = 4CF (ψ(n+ 2) + γE − 3
4
− 1
2(n+ 1)(n+ 2)
) , (13)
with the digamma function ψ(n).
For η′, the mixing effect between quark-antiquark and
gluonium components should be taken into account. The
corresponding light cone distribution amplitudes are [6,
7]
Φ
(q,s)
η′ (x, µ) = 6xx¯
{
1 +
[
a
(q,s)
2 (µ0)
(
αs(µ
2)
αs(µ20)
) 48
81
− a
(g)
2 (µ0)
90
(
αs(µ
2)
αs(µ20)
) 101
81
]
C
3/2
2 (x− x¯) + · · ·
}
,
Φ
(g)
η′ (x, µ) = xx¯(x− x¯)
[
16a
(q,s)
2 (µ0)
(
αs(µ
2)
αs(µ20)
) 48
81
+ 5a
(g)
2 (µ0)
(
αs(µ
2)
αs(µ20)
) 101
81
]
+ · · · . (14)
Note that the above light cone distribution amplitude
of gluonium component is different from the gluon light
cone distribution amplitude of Glueball [20], since the
parity and charge parity are different.
The studies on production mechanism for η and η′ are
important, because they are useful to uncover the inner
information of η and η′ and to extract the mixing angles.
Since hc has the spin-parity quantum numbers 1
+−, it
can not directly decay to two gluons in order to preserve
C-parity. The typical Feynman diagrams for the process
hc → γη(η′) are drawn in Fig. 1, where the photon is
emitted by charm quark pair. Two gluons transition is
the major mechanism for the production of η and η′ in
radiative hc decays. This kind of production mechanism
is blind to quark charges, so the amplitude is identical
to the production of |qq¯〉 and |ss¯〉. Two gluons transi-
tions to η and η′ are also investigated in electroproduc-
tion e+e− → J/ψ + η(η′) [21].
Two gluons transitions to η(′) form factors can be ob-
tained by calculating the corresponding Feynman dia-
grams of two gluons to |qq¯〉, |ss¯〉, and |gg〉, which are
denoted in Fig. 2. The amplitudes of two gluons to |qq¯〉
and |ss¯〉 are written as
M(q,s) = −i F (q,s)
η(′)g∗g∗(q
2
1 , q
2
2) δab ε
µνρσ εa1µε
b
2νq1ρq2σ,
(15)
where q1 and q2 are the momenta of two initial virtual
gluons, respectively. ε1 and ε2 are the corresponding po-
larization vectors of two initial gluons, respectively. Two
gluons transitions to η(′) form factor F (q,s)
η(′)g∗g∗ is
F
(q,s)
η(′)g∗g∗(q
2
1 , q
2
2) =
2piαs(µ
2)
Nc
Cη(′)
∫ 1
0
dxΦ(q,s)(x, µ)
×
[
1
xq21 + x¯q
2
2 − xx¯m2η(′) + i
+ (x↔ x¯)
]
,
(16)
where Cη =
√
2 fqη + f
s
η and Cη′ =
√
2 fqη′ + f
s
η′ . The
decay constants for the components are: fqη = fq cosφ,
fsη = −fs sinφ, fqη′ = fq sinφ and fsη′ = fs cosφ.
The amplitude of two gluons to |gg〉 is expressed by
M(g) = −i F (g)η′g∗g∗ δab εµνρσ εa1µεb2νq1ρq2σ , (17)
4hc
γ
η(′)
FIG. 1: Typical Feynman diagrams that contribute to the
process hc → γη(η′), where the effective vertex g∗g∗η(′) de-
notes two gluons transitions to η(′) form factors. Note that
the diagrams where the photon is directly emitted from η(′)
and only two gluons link to hc contribute trivially, due to
C-parity conservation.
(a)
(b)
FIG. 2: Typical Feynman diagrams for two gluons transitions
to η(′) form factors.
and two gluons transitions to η′ form factor F (g)η′g∗g∗ is
written as [6, 7]
F
(g)
η′g∗g∗(q
2
1 , q
2
2) =
4piαs(µ
2)
Q2
Cη′
2
∫ 1
0
dxΦ(g)(x, µ)
×
[
xq21 + x¯q
2
2 − (1 + xx¯)m2η′
x¯q21 + xq
2
2 − xx¯m2η′ + i
− (x↔ x¯)
]
, (18)
where the parameter Q2 is introduced to preserve the
identical mass dimensions between the two transition
form factors F
(q,s)
η(′)g∗g∗ and F
(g)
η′g∗g∗ . The choice of Q
2 has
some freedom, which is usually defined by the largest
virtuality q21 or q
2
2 (|q2i | >> m2η′). In Ref. [6, 7], Q2 is
adopted to be |q21 + q22 |. In order to calculate conve-
niently one-loop integrals, we adopt Q2 = q21 + q
2
2 −m2η′ ,
where we assume hard scattering exists, i.e. |q2i | >> m2η′ .
C. Decay amplitudes
The amplitudes of hc → γη(η′) can be parameterized
into two independent terms
M(hc → γη(η′)) = phc · ε(pγ) pγ · ε
∗(phc)
pγ · phc
F−
+ε(phc) · ε∗(pγ)F+. (19)
For the 1P1 charmonium state, the summation over the
polarization of hc is
1∑
Jz=−1
εµ(phc , Jz)ε
∗ν(phc , Jz) = −gµν +
pµhcp
ν
hc
m2hc
.(20)
The lowest order contribution can be written as
M =
∑
Lz
〈1Lz, 00|1, Jz〉〈0|χ†(− i
2
←→
D )ψ|hc〉εµ(phc , Lz)
×ε∗ν(pγ)Tr[Aµν(0)Π0(0) +Aν(0)Πµ0 (0)], (21)
where
Aν(q) = 4pieceαsCACF
(mhcNc)
1/2
∫
d4k
(2pi)4
εαβρσkρ(pη(′) − k)σF (q,s,g)η(′)g∗g∗(k2, (pη(′) − k)2)
×
[ γβ(mc + p/η(′) − k/− p/2)γα(mc + p/η(′) − p/2)γν((
p2 − pη(′)
)2
−m2c
)((
p2 + k − pη(′)
)2
−m2c
) + γν(mc + p/γ − p/2)γβ(mc + p/1 − k/)γα(
(p2 − pγ)2 −m2c
)(
(p1 − k)2 −m2c
)
+
γβ(mc + p/η(′) − p/2 − k/)γν(mc + p/1 − k/)γα((
p2 + k − pη(′)
)2
−m2c
)(
(p1 − k)2 −m2c
)], (22)
with p1 =
phc
2 − q, p2 = phc2 + q, and
Πµ0 (0) =
∂Π0(q)
∂qµ
|q=0, Aµν(0) = ∂A
ν(q)
∂qµ
|q=0 . (23)
Using the vacuum-saturation approximation for NRQCD
LDMEs, 〈H|On|H〉 ' 〈H|ψ†K′nχ|0〉〈0|χ†Knψ|H〉 with
On = ψ†K′nχχ†Knψ. Based on the power-counting
rules [8, 22], the matrix element O(2S+1L[1,8]J )H scales as
v3+2L+2E+4M , where S, L, and J are the spin and orbital
angular momentum for QQ¯, the total angular momentum
for heavy quarkonium H. E and M are the minimum
number of chromo-electric and chromo-magnetic transi-
tions for QQ¯ from the lowest-order Fock state of H to
the state QQ¯(2S+1L
[1,8]
J ). The contribution of next-to-
5leading order Fock state 1S
[8]
0 will has a relative suppres-
sion v2cc¯αs.
III. PHENOMENOLOGICAL DISCUSSIONS
The decay width of hc → γη(η′) can be calculated
using the following expression:
Γ(hc → γη(η′)) = |p|
8pim2hc
|M|2, (24)
where
|p| =
m2hc −m2η(′)
2mhc
,
is the momentum modulus of η(η′) in the rest frame of hc.
The related branching ratio can be obtained by B(hc →
γη(η′)) = Γ(hc → γη(η′))/Γhc . The formulae can be
employed to get hb(nP ) → γη(η′), and hb(nP ) → γηc
when assuming mb  mc.
In the numerical calculation we will adopt the param-
eters as follows: mhc = 3.525 GeV, Γhc = 0.7 MeV,
mhb = 9.899 GeV, mhb(2P ) = 10.260 GeV, mηc =
2.984 GeV, mη = 0.548 GeV, mη′ = 0.958 GeV [4].
The heavy quark masses are mc = (1.5 ± 0.5) GeV and
mb = (4.8 ± 0.5) GeV [23]. For the value of LDMEs
for hc, we adopt the result of B-T potential model in
Refs. [24, 25]
〈O(1P [1]1 )〉hc = 0.1074(GeV)5. (25)
The decay constants for η(η′) are: fq = (1.07 ±
0.02)fpi, fs = (1.34 ± 0.06)fpi with the pion decay con-
stant fpi = 130.4 MeV, and the mixing angle is adopted
φ = 39.30 ± 1.00 [26, 27]. The Gegenbauer momenta are
adopted as aq,s2 (1GeV ) = 0.44 ± 0.22 [26]. For η′, we
have ag2(1GeV ) = 0.1 and sin
2φG = 0.26 [21]. The decay
constant of ηc is about 498 MeV [23].
To manipulate the trace, the derivation of the decay
amplitudes, and the matrix element squared, the Mathe-
matica software is employed with the help of the packages
FeynCalc[28], FeynArts[29], and LoopTools[30]. The am-
plitudes are Ultra-Violet and Infre-Red safe. The nu-
merical results are listed in Tab. I. The mixing among
|qq¯〉, |ss¯〉, and |gg〉 is important to explain the produc-
tion properties of η′. The result for the branching ratio of
hc → γη′ within NRQCD is consistent with the BESIII
measurement [5]. While the prediction of the branching
ratio for hc → γη is smaller than the central value of the
measurement [5]. Of course, the uncertainty of the decay
width of hc is large, i.e. Γhc = 0.7± 0.4 MeV [4], which
should be considered and the branching ratio is changed
accordingly. After including the uncertainty of the de-
cay width Γhc , the branching ratios of hc → γη within
NRQCD will be consistent with the BESIII data.
In Tab. I, we also give the results for hb(nP ) → γηc,
which is reasonable when expanding the amplitudes in
order of mc/mb and assuming mb  mc. The uncertain-
ties for hc → γη(η′) are large than other channels, since
we have set the scale at mc while the scale for other chan-
nels are set at mb. When changing the heavy quark mass,
the strong coupling constant is also running.
TABLE I: The branching rates of hc → γη(η′), hb(nP ) →
γη(η′), and hb(nP ) → γηc. The uncertainties are from the
heavy quark mass, and the scale is also set at the heavy quark
mass. Γhc = 0.7 MeV is adopted.
Branching rates This work Experiments [4]
10−4B(hc → γη) 1.30+0.44−0.32 4.7± 1.5± 1.4
10−3B(hc → γη′) 1.94+0.70−0.51 1.52± 0.27± 0.29
Γ(hb→γη)
10−7 MeV 2.64
+0.24
−0.22 –
Γ(hb→γη′)
10−6 MeV 3.56
+0.32
−0.30 –
Γ(hb(2P )→γη)
10−7 MeV 3.20
+0.27
−0.25 –
Γ(hb(2P )→γη′)
10−6 MeV 4.32
+0.36
−0.33 –
Γ(hb→γηc)
10−5 MeV 1.13
+0.12
−0.10 –
Γ(hb(2P )→γηc)
10−5 MeV 1.41
+0.13
−0.12 –
IV. CONCLUSION
In this paper, we have calculated the branching rates
of the channels hc → γη(η′) and hb(nP ) → γη(η′).
In these channels, two gluons transitions are the major
production mechanism for η(′) production. The ampli-
tude of hc → γη(η′) is investigated, which is applied to
the process hb(nP ) → γηc when assuming mb  mc.
The branching ratio of hc → γη′ within NRQCD is
(1.94+0.70−0.51) × 10−3, which is in agreement with the BE-
SIII measurement. After including the uncertainty of the
total decay width Γhc , the branching ratio of hc → γη
within NRQCD is also consistent with the BESIII mea-
surement. The BESIII detector will continue to collect
the ψ′ data for reaching the total goal of 3 × 109 events
in future [31], which is nearly seven times as many as
the sample used in Ref. [5]. Thus the branching ratios of
hc → γη(η′) decay would be measured with higher preci-
sion. In addition, the related hb decays could be explored
in the future Belle II using high statistics data [32]. These
measurements will provide a unique method to study the
η− η′ mixing effects and the decay dynamics of charmo-
nium and bottomonium.
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